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In this paper we aim to investigate the process of massless scalar wave scattering due to a self-dual
black hole through the partial wave method. We calculate the phase shift analytically at the low
energy limit and we show that the dominant term of the differential cross section at the small angle
limit is modified by the presence of parameters related to the polymeric function and minimum area
of a self-dual black hole. We also find that the result for the absorption cross section is given by
the event horizon area of the self-dual black hole at the low frequency limit. We also show that,
contrarily to the case of a Schwarzschild black hole, the differential scattering/absorption cross
section of a self-dual black hole is nonzero at the zero mass limit. In addition, we verify these results
by numerically solving the radial equation for arbitrary frequencies.
I. INTRODUCTION
The so-called self-dual black hole corresponds to a simplified model that is obtained through a semiclassical analysis
of loop quantum gravity [1–5]. Loop quantum gravity is a quantum geometric theory constructed for the purpose of
reconciling general relativity and quantum mechanics on the Planck scale. This theory is derived from the canonical
quantization procedure of the Einstein equations obtained in terms of the Ashtekar variables [6]. The metric of the
self-dual black hole with quantum gravity corrections has been found in [7, 8]. This metric is characterized by its
dependence on parameters P and a0, where P is referred to as the polymeric parameter and a0 as a minimum area in
loop quantum gravity. It also features an event horizon and a Cauchy horizon. In addition, the condition of self-duality
has the property of removing the singularity and replace it with an asymptotically flat region. The Schwarzschild
black hole solution is recovered in the limit as P and a0 go to zero. An analysis on the evaporation of self-dual
black holes has been performed in [9–12]. By employing the tunneling formalism via the Hamilton-Jacobi method the
thermodynamics of a self-dual black hole has been analyzed in [13]. In addition, the authors in [14], by applying this
same method investigated the effect of the generalized uncertainty principle on the thermodynamic properties of the
self-dual black hole. Studies on quasinormal modes of self-dual black holes using the WKB approximation have been
performed in [15, 16]. In [17] the authors have discussed the gravitational lensing effect of a self-dual black hole.
In the present work we have the main purpose of exploring the effect of quantum gravity corrections that contribute
to the process of massless scalar wave scattering by a self-dual black hole. In this analysis we will make use of the
partial wave method to calculate the absorption and differential cross section. For this we will apply the technique
implemented in [18] in order to determine the phase shift analytically at the low frequency limit (mω  1). This
technique has also been considered in [19] to examine the problem of scalar wave scattering by a noncommutative black
hole. The partial wave approach has been widely applied in the black hole scattering process by considering various
types of metrics [20–43]. This approach has also been applied to exploit scalar wave scattering by acoustic black
holes [44–51] and also in [52] the differential cross section of a noncommutative BTZ black hole has been obtained. In
our analysis we have initially calculated the phase shift analytically and then computed the differential cross section
and the absorption. We find that the results obtained for the absorption/differential cross section have their values
increased when we vary the values of the polymeric parameter P . In addition, we show that at the mass limit going
to zero the absorption and differential cross section tends to nonzero values that are proportional to the minimum
area a0 of the self-dual black hole. Furthermore, we also have extended our computations for high energy regime by
numerically solving the radial equation for arbitrary frequencies. We show that the numerical results have a good
agreement with the results obtained analytically in the low frequency limit.
The paper is organized as follows. In Sec. II we derive the phase shift and calculate the differential
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2scattering/absorption cross section for a self-dual black hole by considering analytical and numerical analysis. In
Sec. III we make our final considerations.
II. SELF-DUAL BLACK HOLE
In this section we introduce the self-dual black hole for the purpose of determining the differential cross section and
absorption for this model. Thus, we adopt the partial wave method to calculate the phase shift at the low energy
limit. The self-dual black hole is described by the following line element
ds2 = F (r)dt2 − dr
2
N(r)
− ρ2(r) (dθ2 + sin2 θdφ2) . (1)
The functions F (r), N(r) and ρ(r) are given respectively by
F (r) =
(r − r+)(r − r−)(r + r∗)2
r4 + a20
, (2)
N(r) =
(r − r+)(r − r−)r4
(r + r∗)2(r4 + a20)
, (3)
ρ(r) = r
√
1 +
a20
r4
, (4)
where ρ denotes a physical radial coordinate. Here the event horizon, r+, and the Cauchy horizon, r−, read
r+ = 2m, r− = 2mP 2. (5)
We also define
r∗ =
√
r+r− = 2mP, (6)
where P is the polymeric function given by
P =
√
1 + 2 − 1√
1 + 2 + 1
, (7)
with  = γδ, where γ is the Barbero-Immirzi parameter and δ is the polymeric parameter. In addition, we have
a0 = Amin/8pi, (8)
which is the area gap and Amin is a minimum area in loop quantum gravity.
Finally, the value of ρ that is related to the event horizon r+ is given by the following relation:
ρh = ρ(r+) = r+
√
1 +
a20
r4+
= 2m
√
1 +
a20
(2m)4
. (9)
A. Absorption and Differential Scattering Cross Section
We now consider the case of the massless scalar field equation to describe the scattered wave in the background
(1), given by
1√−g ∂µ
(√−ggµν∂νΨ) = 0. (10)
We shall now apply a separation of variables into the equation above
Ψωlm(r, t) =
Rωl(r)
r
Ylm(θ, φ)e
−iωt, (11)
where Ylm(θ, φ) are the spherical harmonics and ω is the frequency.
3Thus, we obtain the following radial equation for Rωl(r)
Λ(r)
d
dr
(
Λ(r)
dRωl(r)
dr
)
+
[
ω2 − Veff
]Rωl(r) = 0, (12)
for Λ(r) =
√
F (r)N(r) and Veff being the effective potential, given by
Veff =
Λ(r)
ρ(r)
[
ρ′(r)
dΛ(r)
dr
+ Λ(r)ρ′′(r)
]
+
F (r)l(l + 1)
ρ2(r)
, (13)
with
ρ′(r) =
ρ(r)
r
(
1− 2a
2
0
ρ2(r)r2
)
, ρ′′(r) =
6a20
ρ(r)r4
(
1− 2a
2
0
3ρ2(r)r2
)
. (14)
Next, to write equation (12) in the form of a Schroedinger-type equation, we introduce the change of variables,
χ(r) = Λ1/2(r)R(r), so we have
d2χ(r)
dr2
+ V (r)χ(r) = 0, (15)
where
V (r) =
[Λ′(r)]2
4Λ2(r)
− Λ
′′(r)
2Λ(r)
+
ω2
Λ2(r)
− Veff
Λ2(r)
. (16)
Now, by applying a power series expansion in 1/r for the potential V (r), Eq. (15) becomes
d2χ(r)
dr2
+
[
ω2 + Ueff (r)
]
χ(r) = 0, (17)
for the following effective potential
Ueff (r) = 4(m+ P
2)ω2
r
+
12`2
r2
+
4m2P 2ω2
r2
[
1 + 3P 2 − 3a
2
0
16m4P 2
]
+ · · · , (18)
with `2 defined as
`2 ≡ − (l
2 + l)
12
+m2ω2
(
1 +
a20
16m4
)(
1 + P 2
)
, (19)
because of the modification of the term 1/r2 [18, 19]. We can observe that the suitable asymptotic behavior is satisfied,
that is for r →∞ we have Ueff (r)→ 0.
Next we will apply the following approximated formula
δl ≈ 2(l − `) = 2
(
l −
√
− (l
2 + l)
12
+m2ω2
(
1 +
a20
16m4
)
(1 + P 2)
)
, (20)
and taking the limit l→ 0, we get the phase shift δl given by
δl = −2mω
(
1 +
a20
16m4
)1/2 (
1 + P 2
)1/2
+O(l). (21)
Therefore, knowing δl, we can now determine the differential scattering cross section and absorption. In order to
obtain the differential scattering cross section we will consider the following expression [53, 54]
dσ
dθ
=
∣∣f(θ)∣∣2 = ∣∣∣ 1
2iω
∞∑
l=0
(2l + 1)
(
e2iδl − 1) Pl cos θ
1− cos θ
∣∣∣2. (22)
4Now considering the small angle limit the above equation is rewritten as
dσ
dθ
=
4
ω2θ4
∣∣∣ ∞∑
l=0
(2l + 1) sin(δl)Pl cos θ
∣∣∣2, (23)
=
16m2
θ4
(
1 +
a20
16m4
)(
1 + P 2
) ∣∣∣ ∞∑
l=0
(2l + 1)Pl cos θ
∣∣∣2. (24)
Therefore, equation (24) for l = 0 becomes
dσ
dθ
∣∣∣lf
ω→0
=
16m2
θ4
(
1 +
a20
16m4
)(
1 + P 2
)
+ · · · . (25)
For P = 0 and a0 = 0 we obtain the result for the Schwarzschild black hole case. Thus, we find that the differential
scattering cross section of the self-dual black hole increases when the parameters P and/or a0 increase. By comparing
with the result of the Schwarzschild black hole the dominant term is modified by the polymeric parameter P and
parameter a0. At the limit of m→ 0 the dominant term of equation (25) becomes nonzero and is given by
dσ
dθ
∣∣∣lf
m→0
≈ a
2
0
(
1 + P 2
)
θ4m2
=
2A2min
(
1 + P 2
)
θ4Aschwbh
, (26)
where Aschwbh = 4pir
2
+ = 16pim
2 is the area of the Schwarzschild black hole and Amin is the minimal value of area in
loop quantum gravity. Therefore, at this limit the differential cross section is directly proportional to the minimum
area Amin = 8pia0 and inversely proportional to the area Aschwbh of the Schwarzschild black hole.
Now we will determine the absorption cross section for a self-dual black hole at the low frequency limit. Hence the
total absorption cross section can be found through the following formula:
σabs =
pi
ω2
∞∑
l=0
(2l + 1)
(∣∣1− e2iδl ∣∣2) = 4pi
ω2
∞∑
l=0
(2l + 1) sin2(δl). (27)
Next we apply the low energy limit by taking ω → 0. In this case with δl given by (21) the absorption for l = 0 reads
σlfabs = 16pim
2
(
1 +
a20
16m4
)(
1 + P 2
)
= Aschwbh
(
1 +
16pi2a20
A2schwbh
)(
1 + P 2
)
. (28)
By making P = a0 = 0 the result for the absorption of the Schwarzschild black hole is recovered. Note that when the
parameters P and/or a0 increase, the absorption cross section value increases. Furthermore, we can observe that at
the zero mass limit the absorption is nonzero due to the contribution of the minimum area a0. So for m→ 0 equation
(28) becomes
σlfabs ≈
pia20
m2
(
1 + P 2
)
=
16pi2a20
Aschwbh
(
1 + P 2
)
=
A2min
4Aschwbh
(
1 + P 2
)
. (29)
It is interesting to note that, contrarily to the usual case, i.e., the Schwarzschild black hole, the differential
scattering/absorption cross section of a self-dual black hole is different from zero as the mass goes to zero. Thus, at
this limit the result for absorption cross section increases with the minimum area Amin and decreases with the area
of the Schwarzschild black hole Aschwbh. It is worth mentioning that in [51] we have considered an extended Abelian
Higgs model with higher order derivatives terms from which an acoustic metric in 2+1 dimensions has been obtained.
The absorption in such a context follows an analogous behavior, i.e.,
σlfabs ≈
2piλ2C2
D
(
1 + 2λ2
)
, (30)
in the limit of D → 0. Here λ is the parameter related to the strength of higher order derivatives. C and D are the
circulation and draining parameters. This seems to reveal an interesting correspondence between the aforementioned
acoustic model in 2 + 1 dimensions and the present gravitational model in 3 + 1 dimensions.
Equation (28) can also be rewritten in terms of the event horizon area of the self-dual black hole as follows
σlfabs ≈ 4pi
[
4m2
(
1 +
a20
16m4
)(
1 + P 2
)]
= 4piρ2h
(
1 + P 2
)
= Asdbh
(
1 + P 2
)
, (31)
5where
ρh = ρ(r+) =
√
4m2 +
a20
4m2
=
[
4m2
(
1 +
a20
16m2
)]1/2
, (32)
is the event horizon and Asdbh = 4piρ2h is the area of the event horizon of the self-dual black hole.
B. Numerical analyses
Here we present the numerical results that were obtained by numerically solving the radial equation (12). For this
purpose we have adopted the numerical procedure performed in [49]. The table below shows the results for some
values of m, setting the value of a0 =
√
3/2 and P = 0.14725. All the results are divided by pi.
m Equation (28) Equation (29) Numerical result
1 17.1132 0.76626 17.1197
0.5 7.15178 3.05605 7.15201
0.3 9.98525 8.51403 9.98860
0.2 19.8104 19.1566 19.8171
0.1 76.7897 76.6263 76.8165
0.05 306.546 306.505 306.546
0.01 7662.63 7662.63 7662.26
Note that the results of the equations (28) and (29) are the same for small m as it should be, since equation (29) is
valid only in the limit of very small values of m. As can be seen in the table, we get a good agreement between them
for m = 0.01.
P = 0.1
P = 0.2
P = 0.3
P = 0.4
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
0
10
20
30
40
50
ω
σ(0) abs
/π
m = 1, a0 = 3 /2
FIG. 1: Partial absorption cross section for l = 0, with a0 =
√
3/2, m = 1 and P = 0.1, 0.2, 0.3, 0.4.
We can summarize the results as follows. In Fig. 1, we have plotted the partial absorption for mode l = 0 with
m = 1, a0 =
√
3/2 by adopting the following values for the polymeric parameter: P = 0.1, 0.2, 0.3, 0.4. Analyzing
the curves, we find that the absorption amplitude of the self-dual black hole is increased as we vary the P polymeric
parameter. A comparison between the absorption of the Schwarzschild black hole with that of the self-dual black hole
is shown in Fig. 2. The graph for the absorption of the former corresponds to the case where a0 = 0 and P = 0.
Note that by setting a0 =
√
3/2 and varying P , the partial absorption for the l = 0 mode has its amplitude increased
compared to that of the Schwarzschild black hole. In Fig. 3 we plot the partial absorption for l = 0 mode by setting
the values of a0 =
√
3/2 and P = 0.147253. We can observe that when we decrease the mass value the absorption
6a0 = 0, P = 0
a0 = 3 /2, P = 0.1
a0 = 3 /2, P = 0.2
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0
10
20
30
40
ω
σ(0) abs
/π
l = 0, m = 1
FIG. 2: Partial absorption cross section for l = 0, with a0 = 0,
√
3/2, m = 1 and P = 0, 0.1, 0.2.
m = 1
m = 0.5
m = 0.3
m = 0.2
m = 0.1
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
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80
ω
σ(0) abs
/π
a0 = 3 /2, P = 0.147253
FIG. 3: Partial absorption cross section for l = 0, with a0 =
√
3/2, P = 0.147253 and m = 1, 0.5, 0.3, 0.2, 0.1.
amplitude does not tend to zero, as seen earlier from the analytical result shown in equation (29). In Fig. 4 we plot
the partial absorption for l = 0 mode by setting the values of a0 =
√
3/2 and small mass m = 0.2. We observe that
by varying the P parameter the absorption amplitude still increases. The partial absorption cross section graphs for
l = 0, 1, 2 modes are shown in Fig. 5. We have assigned values for the P polymeric parameter but keeping the values
of a0 =
√
3/2 and m = 1 fixed. Then, as P increases, partial absorption increases in amplitude. For modes l = 1 and
l = 2, note that the curves start from zero, increase in amplitude reaching a maximum value and then decrease in
amplitude with the increasing of the frequency ω. It is also observed that the maximum partial absorption decreases
as the l mode increases.
7FIG. 4: Partial absorption cross section for l = 0, with a0 =
√
3/2, m = 0.2 and P = 0.1, 0.2, 0.3, 0.4.
P = 0.1
P = 0.2
P = 0.3
P = 0.4
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
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20
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/π
m = 1, a0 = 3 /2
FIG. 5: Partial absorption cross section for modes l = 0, 1, 2, with a0 =
√
3/2, m = 1 and P = 0.1, 0.2, 0.3, 0.4.
III. CONCLUSIONS
In the present study, we investigated the process of massless scalar wave scattering due to a self-dual black hole
through the partial wave method. We have computed the phase shift analytically at the low energy limit, and then
have shown that the dominant contribution at the small angle limit of the differential scattering cross section is
modified due to the parameters a0 (minimum area) and P (polymeric function). We have also found that the result
for the absorption cross section is given by the event horizon area of the self-dual black hole at the low frequency
limit. And mainly, contrarily to the Schwarzschild black hole, the differential scattering/absorption cross section of
a self-dual black hole is nonzero at the zero mass limit. Thus, at the limit of m → 0 the absorption cross section
presents a dominant contribution that is inversely proportional to the mass squared, i.e., σlfabs ≈ pia20
(
1 + P 2
)
/m2. In
addition, we have verified these results by numerically solving the radial equation for arbitrary frequencies. Finally,
we have obtained that the partial absorption amplitude of the self-dual black hole increases its value as we increase
8the values of the P parameter in several scenarios. Further investigations, such as exploring correspondence with
analog models, may reveal new physics and should be addressed elsewhere.
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